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This Tutorial
Molecular Graph Generation: to generate novel molecules with 

optimized properties
oGraph generation
oGraph property prediction
oGraph optimization
Learning Dynamics on Graphs: to predict temporal change or final 

states of complex systems
oContinuous-time network dynamics prediction
oStructured sequence prediction
oNode classification/regression
Mechanism Discovery: to find dynamical laws of complex systems
oDensity Estimation vs. Mechanism Discovery
oData-driven discovery of differential equations
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Part 3:
Dynamical Origins of 

Distribution Functions
Chengxi Zang and Fei Wang

Weill Cornell Medicine
www.calvinzang.com
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A Quote from Prof. Judea Pearl
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Data Science1 lacking a model of reality3may 
be statistics2 but hardly a science.

---- Judea Pearl



Data Science, Statistics, and Reality 
Models

6

𝑥𝑥Data: 𝑓𝑓(𝑥𝑥)Statistical 
Models:

Reality
Models?
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What are Reality Models?

Dynamical Systems by Differential Equations

7

𝑭𝑭 =
𝑑𝑑(𝑚𝑚𝒗𝒗)
𝑑𝑑𝑑𝑑

𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴:𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴: 𝑪𝑪𝑪𝑪𝑴𝑴𝑴𝑴𝑪𝑪:
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What are Reality Models?

Dynamical Systems by Differential Equations

8DIFFERENTIAL DEEP LEARNING ON GRAPHS AND ITS APPLICATIONS  --- AAAI-2020



Data Science, Statistics, and Reality 
Models

9

𝑥𝑥Data: 𝑓𝑓(𝑥𝑥)Statistical 
Models:

Reality
Models
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Data Science Path: Data  Statistical Models 
Reality Models

10

𝑥𝑥Data: 𝑓𝑓(𝑥𝑥)Statistical 
Models:

Reality
Models:

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅
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Problem Definition

Data 𝑋𝑋  Statistical Model 𝑓𝑓(𝑋𝑋) DEs 𝑑𝑑𝑑𝑑
𝑑𝑑𝒅𝒅

Problem 1 (Density Estimation): What are the 
distributions which generate the observed data 
samples?
Problem 2 (Mechanism Discovery): What are the 

dynamic systems described by Differential Equations 
(DEs) which generate the observed distribution?
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Density Estimation: Data  Statistical Models 

Goal: To fit complex data distribution, and to generate 
them 
oProbability density function:  𝑓𝑓𝑋𝑋(𝑥𝑥), Cumulative density 
function:𝐹𝐹𝑋𝑋(𝑥𝑥)=∫−∞

𝑥𝑥 𝑓𝑓𝑋𝑋 𝑟𝑟 𝑑𝑑𝑟𝑟

oHazard function: 𝜆𝜆𝑋𝑋 𝑥𝑥 = 𝑓𝑓𝑋𝑋(𝑥𝑥)
𝑆𝑆𝑋𝑋(𝑥𝑥)

,  Survival function: 𝑆𝑆𝑋𝑋 𝑥𝑥 = 1 −
𝐹𝐹𝑋𝑋 𝑥𝑥 (Survival analysis)
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Density Estimation: Data  Statistical Models 
Non-parametric v.s. Parametric distribution model
oKernel density estimation, Kaplan–Meier estimator (Survival analysis)
oPDF/Hazard function (+ Mixture Model) + Maximum Likelihood 
Estimation

Statistical frameworks + computational power from 
machine learning
oAutoregressive model: 𝑓𝑓𝑋𝑋,𝜃𝜃 𝒅𝒅 = ∏𝑖𝑖=1

𝑛𝑛 𝑓𝑓𝑋𝑋,𝜃𝜃 𝑥𝑥𝑖𝑖|𝒅𝒅<𝑖𝑖 (chain-rule)
oVariational autoencoder (VAE): 𝑓𝑓𝑋𝑋,𝜃𝜃 𝒅𝒅 = ∫𝑓𝑓𝑋𝑋,𝜃𝜃 𝒅𝒅, 𝒛𝒛 d𝐳𝐳 =
∫𝑓𝑓𝑋𝑋|𝑍𝑍,𝜃𝜃 𝒅𝒅|𝒛𝒛 𝑓𝑓𝑍𝑍,𝜃𝜃 𝒛𝒛 d𝐳𝐳 (marginal probability)
oNormalizing flow: 𝑓𝑓𝑋𝑋,𝜃𝜃 𝒅𝒅 = 𝑓𝑓𝑍𝑍,𝜃𝜃 𝑍𝑍(𝒅𝒅) |𝐝𝐝𝐝𝐝𝐝𝐝 𝝏𝝏𝒁𝒁𝜽𝜽

𝝏𝝏𝒅𝒅
| (change of variable 

in integration)  
MoFlow in tutorial part I: Generating Molecular Graphs
oGenerative Adversarial Networks (GAN): likelihood-free
We are familiar with this step.
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Problem Definition

Data 𝑋𝑋  Statistical Model 𝑓𝑓(𝑋𝑋) DEs 𝑑𝑑𝑑𝑑
𝑑𝑑𝒅𝒅

Problem 1 (Density Estimation): What are the 
distributions which generate the observed data 
samples?
Problem 2 (Mechanism Discovery): What are the 

dynamic systems described by Differential Equations 
(DEs) which generate the observed distribution?
oUnfamiliar in CS community
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Why Is It Matter?

To understand, predict, and control real-world 
dynamic systems in engineering and science.

Tumor Size Growth Dynamics



Mechanism Discovery Problem: What are the dynamic 
systems described by Differential Equations which generate 
the observed distribution?
oE.g. Narrow-tailed distribution vs. Heavy-tailed distribution
oHow to generate power law degree distribution in random graphs

A Major Topic in Network Science

?
Image from http://networksciencebook.com/chapter/4#hubs
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http://networksciencebook.com/chapter/4#hubs


Power-law Degree Distribution in Random Graphs

18

Constant Rate 
Arriving

Power-Law Distribution
In Random Graph

A Dynamic System

Richer-get-richer 
Preferential attachment

Matthew effect
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Power-law Degree Distribution in Human Dynamics

Burst Human behavior
Power-law Distributions of Inter-Event times
Human Behavior Dynamics modeled by Differential Equations
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Limitations

Network Science:
oDiscovery: Power-law (heavy-tailed distributions) in both structure 
and dynamics of complex systems.
oCase by case study: a distribution  a dynamical system with 
differential equations
oLacking a general method to find differential equations from 
distributions
oLacking a data-driven way
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Our Contribution
A math theorem bridges any distribution and its 

generative dynamic system.
oA Dynamic System (N > 1 agents)
oSimple and interpretable!
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Dynamical Origins of Distribution Theorem

22

• Given a dynamic system 𝓓𝓓 𝒅𝒅 = 𝒅𝒅𝑴𝑴 𝒅𝒅 > 𝟎𝟎 𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

,𝒅𝒅𝑴𝑴 𝒅𝒅𝑴𝑴 = 𝒅𝒅𝟎𝟎, 𝑴𝑴 = 𝟏𝟏,𝟐𝟐, … }, consisting of  
agent i who arrives in the system at time 𝑑𝑑𝑖𝑖 according to the Poisson process  𝓟𝓟 𝒅𝒅 𝝀𝝀𝑷𝑷 =
{𝟎𝟎 < 𝒅𝒅𝟏𝟏 ≤ ⋯ ≤ 𝒅𝒅𝑴𝑴 ≤ ⋯ ≤ 𝐝𝐝}, the state of  the 𝑖𝑖𝑡𝑡𝑡 agent changes according to differential 

equation 𝐝𝐝𝐱𝐱𝐢𝐢(𝐝𝐝)
𝐝𝐝𝐝𝐝

with initial value 𝒅𝒅𝟎𝟎, 

• and the cross-sectional state of  𝓓𝓓 𝒅𝒅 at time point 𝑑𝑑, namely  𝒅𝒅 𝒅𝒅 = {𝒅𝒅𝟏𝟏 𝒅𝒅 , … ,𝒅𝒅𝑴𝑴 𝒅𝒅 , … }

follows distributions 𝑭𝑭(𝒅𝒅 𝒅𝒅 ) if  and only if 𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

|𝒅𝒅𝟎𝟎 =
𝒅𝒅𝑭𝑭−𝟏𝟏(𝟏𝟏 − 𝒅𝒅𝑴𝑴

𝒅𝒅 )

𝒅𝒅𝒅𝒅
.

Input Dynamical 
system

Output

Stochastic, linear Deterministic, nonlinear Complex Pattern

Forward: data 
generation

Backward: 
system 

identification/Le
arning
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Dynamical Origins of Distribution Corollary
A Survival Analysis Version: e.g. for biostatistics
oSurvival function: S 𝑥𝑥 = ∫𝑥𝑥0

𝑥𝑥 𝑓𝑓 𝑠𝑠 𝑑𝑑𝑠𝑠 = 1 − 𝐹𝐹(𝑥𝑥)

oHazard function: 𝜆𝜆(x)  = lim
Δ𝑥𝑥→0

Pr 𝑥𝑥≤𝑋𝑋<𝑥𝑥+∆𝑥𝑥 𝑋𝑋≥𝑥𝑥)
∆𝑥𝑥

= 𝑓𝑓(𝑥𝑥)
𝑆𝑆(𝑥𝑥)

oCumulative hazard function: Λ 𝑥𝑥 = ∫𝑥𝑥0
𝑥𝑥 𝜆𝜆 𝑠𝑠 𝑑𝑑𝑠𝑠

Under the same conditions,  the cross-sectional state of  𝓓𝓓 𝒅𝒅 at 
time point 𝑑𝑑, namely  𝒅𝒅 𝒅𝒅 = {𝒅𝒅𝟏𝟏 𝒅𝒅 , … ,𝒅𝒅𝑴𝑴 𝒅𝒅 , … } follows distribution 

𝑭𝑭(𝒅𝒅 𝒅𝒅 ) if  and only if  𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

=
𝒅𝒅𝜦𝜦−𝟏𝟏(𝐥𝐥𝐥𝐥 𝒅𝒅𝒅𝒅𝑴𝑴

)

𝒅𝒅𝒅𝒅
with initial value 𝒅𝒅𝟎𝟎
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Proof Sketch
 Inverse transform sampling in 

statistics:
1. Generate a random number 𝑢𝑢 from the 

standard uniform distributions 𝑈𝑈𝑈𝑈𝑖𝑖𝑓𝑓 0,1 .
2. Find the inverse of the desired CDF, 

e.g. 𝐹𝐹𝑋𝑋−1(𝑥𝑥).
3. Compute 𝑢𝑢 = 𝐹𝐹𝑋𝑋−1(𝑥𝑥). The computed 

random variable 𝑋𝑋 has distribution 
𝐹𝐹𝑋𝑋(𝑥𝑥)

Intuition:  CDF transforms complex data 
into uniform probability from 0 to 1. 
Reversing the process from distribution 
to data samples.
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Examples

25

• Power law:   𝑓𝑓 𝑥𝑥 = 𝛼𝛼𝑥𝑥0𝛼𝛼𝑥𝑥−(𝛼𝛼+1), 𝜆𝜆 𝑥𝑥 = 𝛼𝛼
𝑥𝑥

• Exponential: 𝑓𝑓 𝑥𝑥 = 𝛼𝛼𝑒𝑒−𝛼𝛼𝑥𝑥, 𝜆𝜆 𝑥𝑥 = 𝛼𝛼

• Sigmoid: 𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑥𝑥

(1+𝑒𝑒𝑥𝑥)2
, 𝜆𝜆 𝑥𝑥 = 𝑒𝑒𝑥𝑥

1+𝑒𝑒𝑥𝑥
(x > 0)

• Weibull: 𝑓𝑓 𝑥𝑥 = 𝛼𝛼𝜆𝜆𝛼𝛼𝑥𝑥𝛼𝛼−1𝑒𝑒−(𝜆𝜆𝑥𝑥)𝛼𝛼, 𝜆𝜆 𝑥𝑥 = 𝛼𝛼𝜆𝜆𝛼𝛼𝑥𝑥𝛼𝛼−1

•
𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

= 𝒅𝒅𝑴𝑴(𝒅𝒅)
𝜶𝜶𝒅𝒅

•
𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

= 𝟏𝟏
𝜶𝜶𝒅𝒅

•
𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

= 𝟏𝟏
𝒅𝒅−𝒅𝒅𝟎𝟎

•
𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

= 𝒅𝒅𝑴𝑴
𝟏𝟏−𝜶𝜶(𝒅𝒅)
𝝀𝝀𝜶𝜶𝜶𝜶𝒅𝒅

Poisson arriving

Deterministic 
dynamics

Cross-sectional statesCross-sectional
distributions
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App1: Discovering Distributions’Governing ODEs 

26

•

Interpretable Mechanisms: Preferential Attachment, Growth Competition, Env. Limits, Non-liearity etc.
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App1: Dynamics for Heavy-tailed Distributions 

27

•
Shared Mechanisms: Preferential Attachment for all heavy-tailed distributions
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App2: Discovering New Distributions from DEs

28

New distributions Interpretable ODE
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App3: New Statistical Models: One DE, Many 
Distributions

A showcased example: A new statistical tool to 
generate/fit many complex multiscale distributions:

29

𝒅𝒅𝒅𝒅𝑴𝑴(𝒅𝒅)
𝒅𝒅𝒅𝒅

=
(𝒅𝒅𝑴𝑴 𝒅𝒅 + 𝜟𝜟)𝜽𝜽

𝜷𝜷(𝒅𝒅𝑴𝑴 𝒅𝒅 + 𝜟𝜟)𝜽𝜽𝒅𝒅 + 𝜶𝜶𝒅𝒅
ODE

Distribution 
Family Complex multiscale distributions

𝜆𝜆(x)  = 𝛽𝛽 + 𝛼𝛼 𝑥𝑥 + Δ −𝜃𝜃Hazard func.
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App3: New Statistical Models: One ODE, Many 
Distributions

One Equation, Many 
Distributions
More robust statistical 

tools to fit empirical data, 
existing methods show 
large bias
oBaseline: statistical tool to fit 
heavy-tailed distribution in 
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Clauset et al. 2009. Power-Law Distributions in Empirical Data. SIAM Rev..

http://www.calvinzang.com/file/2019KDD-Zang-PatternFormation.pdf
https://epubs.siam.org/doi/abs/10.1137/070710111?journalCode=siread


App3: Data-Driven learning ODEs 

Fit Distribution from Samples, and Learn Dynamics 
Synthetic Data
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App3: Data-Driven learning ODEs 

Empirical Data  Empirical distributions  Empirical 
ODEs  
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Summary
A theorem constructing dynamic 

systems described by Differential 
Equations which generate the observed 
distribution

Discovery many new DEs and 
distributions

Learning many multiscale distributions 
by one differential equation

A framework to connect these dots

33

33

Distribution

Survival 
Analysis

Dynamic System
ODE

Data
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