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• Generating Real-World Evidence for Understanding 
Long COVID

• Advancements in Risk Prediction using EHRs
• Discussion & QA

Outline
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Electronic Health Record (EHR)
n EHR has been one of the most common data sources to provide 

patient health information for analysis

(Figure source: https://www.healthit.gov/data/quickstats/national-trends-hospital-and-physician-adoption-electronic-health-records)
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Important Task with EHR : Risk Prediction
n Predict the probability (risk) that an adverse event will happen in the 

future

Future Event

Time

EHR Data

predict

Lab Tests Vital Signs

Diag Codes

……
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Risk Prediction with EHR

Predicted 
Targets

Feature Vector Future EventEHR Data

n Transform EHR data into a feature vector, input the vector to a predictor 
for risk prediction
• Directly summarize the statistics of each event or test within the collection 

window
• Organize the EHR data as a sequence and directly input it to an encoder (e.g., 

recurrent neural networks)
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Workflow of Risk Prediction with EHR

1
Data Gathering 
and Cleaning

2
Data Pre-
processing

3
Building a 
Predictive 

Model

4
Model 

Evaluation

5
Incorporate the 

Model in Healthcare  
Applications
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Testing of COVID Infection
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RT-PCR Testing of COVID Infection

Smyrlaki, Ioanna, Martin Ekman, Antonio Lentini, Nuno Rufino de Sousa, Natali Papanicolaou, Martin Vondracek, Johan Aarum et al. "Massive and rapid 
COVID-19 testing is feasible by extraction-free SARS-CoV-2 RT-PCR." Nature communications 11, no. 1 (2020): 4812.

n Reverse transcription polymerase chain reaction (RT-PCR) test
n The turn-around time (TAT) of RT-PCR testing is usually within 2days, may 

be longer due to many reasons
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Predict RT-PCR Testing with Routine Lab Tests

Yang, He S., Yu Hou, Ljiljana V. Vasovic, Peter AD Steel, Amy Chadburn, Sabrina E. Racine-Brzostek, Priya Velu et al. "Routine laboratory blood tests predict 
SARS-CoV-2 infection using machine learning." Clinical chemistry 66, no. 11 (2020): 1396-1404.
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Prediction Performance
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Parathyroid Hormone-related Peptide (PTHrP)

Mundy, Gregory R., and James R. Edwards. "PTH-related peptide (PTHrP) in hypercalcemia." Journal of the American Society of Nephrology 19, no. 4 (2008): 
672-675.

n PTHrP is the most common cause of humoral malignancy-related hypercalcemia 
n PTHrP testing can aid in diagnosing hypercalcemia of malignancy
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Hypercalcemia Testing Algorithm

(Algorithm adopted from ARUP Consult)

Lab Tests
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“The purpose of this competition was to see if a machine-learning 
approach could better predict test outcomes compared to the 
traditional manual approach that many clinical laboratories use, 
reviewing calcium and PTH results to identify potential inappropriate 
PTHrP orders, thereby improving the PTHrP test utilization. ”

(https://www.kaggle.com/competitions/aacc-2022-predicting-pthrp-results)
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Our Workflow of PTHrP Model Development 
and Evaluation

Data Collection
PTHrP Test-1 year

Patients’ laboratory test results

Time

Data Preprocessing

……BUN WBC

Time

BUN

Normalization of test results
Max, Min, Mean, Latest, and Rate of change for each test

1330 patients from 2012-2022
Lab test results are provided, from which 1064 for 
training, 264 for testing 

Model Development

Tree 1

…

……

Tree 2

…

Tree K

…

Risk Score

Model Evaluation
Internal validation

se
ns
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vi

ty

1- specificity

Yang et al., manuscript under review
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Concerns on Healthcare AI

x
Data 

Gathering 
and Cleaning

Data Pre-
processing

Building a 
Predictive 

Model

Model 
Evaluation

Incorporate the 
Model in 

Healthcare  
Applications

Lack of 
trust from 

the cliniciansRegulation 
of the 

government

(Stat source: https://hitinfrastructure.com/news/challenges-of-artificial-intelligence-adoption-in-healthcare)
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Essential Issues

Fairness Explainability Generalizability

Risk Prediction with EHR
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Fairness Explainability Generalizability

Risk Prediction with EHR

n Definition and measurement of algorithmic disparity
n Methods to address algorithmic disparity
n Address disparity across multiple sites
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What is Algorithmic Disparity
n Algorithmic bias/Algorithmic Disparity
n Describes systematic and repeatable errors in a computer system that create 

“unfair” outcomes, such as "privileging" one category (group) over another.(From 
wikipedia)
n Different from data bias
n Focus on group-based algorithmic disparity in this tutorial
n Group (category) usually refer to gender/race/age in the healthcare problems 
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Algorithmic Disparity in Healthcare
n The algorithm used predicted healthcare 

costs rather than illness to calculate the 
risk scores and decided whether a patient  
should be enrolled in a healthcare 
management program

n Within patients at the same percentile risk 
score (97%), black patients went on to be 
far less healthy than white patients

of substantial disparities in program screening.
We quantify this by simulating a counterfactual
world with no gap in health conditional on
risk. Specifically, at some risk threshold a, we
identify the supramarginal White patient (i)
with Ri > a and compare this patient’s health
to that of the inframarginal Black patient ( j )
with Rj < a. IfHi >Hj , as measured by number
of chronic medical conditions, we replace the
(healthier, but supramarginal) White patient
with the (sicker, but inframarginal) Black patient.
We repeat this procedure until Hi = Hj, to
simulate an algorithm with no predictive gap
between Blacks and Whites. Fig. 1B shows the
results: At all risk thresholds a above the 50th
percentile, this procedure would increase the
fraction of Black patients. For example, at a =
97th percentile, among those auto-identified
for the program, the fraction of Black patients
would rise from 17.7 to 46.5%.
We then turn to amoremultidimensional pic-

ture of the complexity and severity of patients’
health status, as measured by biomarkers that
index the severity of the most common chro-
nic illnesses in our sample (as shown inTable 1).
This allows us to identify patients who might
derive a great deal of benefit from care man-
agement programs—e.g., patients with severe

diabetes who are at risk of catastrophic com-
plications if they do not lower their blood sugar
(18, 26). (The materials and methods section
describes several experiments to rule out a large
effect of the program on these health measures
in year t; had there been such an effect, we
could not easily use the measures to assess the
accuracy of the algorithm’s predictions onhealth,
because the program is allocated as a function
of algorithm score.) Across all of these impor-
tant markers of health needs—severity of diabe-
tes, highbloodpressure, renal failure, cholesterol,
and anemia—we find that Blacks are substan-
tially less healthy than Whites at any level of
algorithmpredictions, as shown in Fig. 2. Blacks
havemore-severe hypertension, diabetes, renal
failure, and anemia, and higher cholesterol.
Themagnitudes of these differences are large:
For example, differences in severity of hyper-
tension (systolic pressure: 5.7 mmHg) and
diabetes [glycated hemoglobin (HbA1c): 0.6%]
imply differences in all-causemortality of 7.6%
(27) and 30% (28), respectively, calculatedusing
data fromclinical trials and longitudinal studies.

Mechanism of bias

An unusual aspect of our dataset is that we
observe the algorithm’s inputs and outputs

as well as its objective function, providing us
a unique window into the mechanisms by
which bias arises. In our setting, the algorithm
takes in a large set of raw insurance claims
data Xi,t−1 (features) over the year t − 1: demo-
graphics (e.g., age, sex), insurance type, diag-
nosis and procedure codes, medications, and
detailed costs. Notably, the algorithm specifi-
cally excludes race.
The algorithm uses these data to predict Yi,t

(i.e., the label). In this instance, the algorithm
takes total medical expenditures (for simplic-
ity, we denote “costs” Ct) in year t as the label.
Thus, the algorithm’s prediction on health
needs is, in fact, a prediction on health costs.
As a first check on this potential mechanism

of bias, we calculate the distribution of real-
ized costs C versus predicted costs R. By this
metric, one could call the algorithm unbiased.
Fig. 3A shows that, at every level of algorithm-
predicted risk, Blacks andWhites have (rough-
ly) the same costs the following year. In other
words, the algorithm’s predictions are well cal-
ibrated across races. For example, at the med-
ian risk score, Black patients had costs of $5147
versus $4995 for Whites (U.S. dollars); in the
top 5% of algorithm-predicted risk, costs were
$35,541 for Blacks versus $34,059 for Whites.

Obermeyer et al., Science 366, 447–453 (2019) 25 October 2019 3 of 7
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Fig. 1. Number of chronic illnesses versus algorithm-predicted risk,
by race. (A) Mean number of chronic conditions by race, plotted against
algorithm risk score. (B) Fraction of Black patients at or above a given risk
score for the original algorithm (“original”) and for a simulated scenario
that removes algorithmic bias (“simulated”: at each threshold of risk, defined
at a given percentile on the x axis, healthier Whites above the threshold are

replaced with less healthy Blacks below the threshold, until the marginal patient
is equally healthy). The × symbols show risk percentiles by race; circles
show risk deciles with 95% confidence intervals clustered by patient. The
dashed vertical lines show the auto-identification threshold (the black
line, which denotes the 97th percentile) and the screening threshold (the gray
line, which denotes the 55th percentile).

RESEARCH | RESEARCH ARTICLE

on October 27, 2019
 

http://science.sciencem
ag.org/

Downloaded from
 



22

Algorithmic Disparity in Healthcare
n White female pregnant individuals are 

more likely to be diagnosed with 
postpartum depression and receive mental 
health services than black individuals

n Clinical prediction models trained on such 
biased data may produce unfair outcomes

Original Investigation | Health Informatics

Comparison of Methods to Reduce Bias From Clinical Prediction Models
of Postpartum Depression
Yoonyoung Park, ScD; Jianying Hu, PhD; Moninder Singh, PhD; Issa Sylla, BA; Irene Dankwa-Mullan, MD, MPH; Eileen Koski, MPhil; Amar K. Das, MD, PhD

Abstract

IMPORTANCE The lack of standards in methods to reduce bias for clinical algorithms presents
various challenges in providing reliable predictions and in addressing health disparities.

OBJECTIVE To evaluate approaches for reducing bias in machine learning models using a real-world
clinical scenario.

DESIGN, SETTING, AND PARTICIPANTS Health data for this cohort study were obtained from the
IBM MarketScan Medicaid Database. Eligibility criteria were as follows: (1) Female individuals aged 12
to 55 years with a live birth record identified by delivery-related codes from January 1, 2014, through
December 31, 2018; (2) greater than 80% enrollment through pregnancy to 60 days post partum;
and (3) evidence of coverage for depression screening and mental health services. Statistical analysis
was performed in 2020.

EXPOSURES Binarized race (Black individuals and White individuals).

MAIN OUTCOMES AND MEASURES Machine learning models (logistic regression [LR], random
forest, and extreme gradient boosting) were trained for 2 binary outcomes: postpartum depression
(PPD) and postpartum mental health service utilization. Risk-adjusted generalized linear models
were used for each outcome to assess potential disparity in the cohort associated with binarized race
(Black or White). Methods for reducing bias, including reweighing, Prejudice Remover, and removing
race from the models, were examined by analyzing changes in fairness metrics compared with the
base models. Baseline characteristics of female individuals at the top-predicted risk decile were
compared for systematic differences. Fairness metrics of disparate impact (DI, 1 indicates fairness)
and equal opportunity difference (EOD, 0 indicates fairness).

RESULTS Among 573 634 female individuals initially examined for this study, 314 903 were White
(54.9%), 217 899 were Black (38.0%), and the mean (SD) age was 26.1 (5.5) years. The risk-adjusted
odds ratio comparing White participants with Black participants was 2.06 (95% CI, 2.02-2.10) for
clinically recognized PPD and 1.37 (95% CI, 1.33-1.40) for postpartum mental health service
utilization. Taking the LR model for PPD prediction as an example, reweighing reduced bias as
measured by improved DI and EOD metrics from 0.31 and −0.19 to 0.79 and 0.02, respectively.
Removing race from the models had inferior performance for reducing bias compared with the other
methods (PPD: DI = 0.61; EOD = −0.05; mental health service utilization: DI = 0.63; EOD = −0.04).

CONCLUSIONS AND RELEVANCE Clinical prediction models trained on potentially biased data may
produce unfair outcomes on the basis of the chosen metrics. This study’s results suggest that the
performance varied depending on the model, outcome label, and method for reducing bias. This

(continued)

Key Points
Question How does the performance
of different methods to reduce bias for
clinical prediction algorithms compare
when measured by disparate impact and
equal opportunity difference?

Findings In a cohort study of 314 903
White and 217 899 Black female
pregnant individuals with Medicaid
coverage, application of a reweighing
method was associated with a greater
reduction in algorithmic bias for
postpartum depression and mental
health service utilization prediction
between White and Black individuals
than simply excluding race from the
prediction models.

Meaning Researchers should examine
clinical prediction models for bias
stemming from the underlying data and
consider methods to mitigate the bias.

+ Invited Commentary

+ Supplemental content

Author affiliations and article information are
listed at the end of this article.

Open Access. This is an open access article distributed under the terms of the CC-BY-NC-ND License.

JAMA Network Open. 2021;4(4):e213909. doi:10.1001/jamanetworkopen.2021.3909 (Reprinted) April 15, 2021 1/11

Downloaded From: https://jamanetwork.com/ on 09/15/2021
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Define and Measure Disparity
Notation Definition Example

𝐴 ∈ {0,1}	 Protected/sensitive attribute, a 
grouping variable with respect to which 

we wish to guarantee fairness

Race(white, non-white)

𝐗 Features, all variables except 𝐴 which 
are inputs of the model

Other demographic information, lab tests, etc

𝑌 ∈ {0,1} True label Diagnosed as postpartum depression

𝑆 Predicted score, indicating the 
predicted probability of 𝑌 = 1 

A predicted score indicating risk of postpartum 
depression

-𝑌 ∈ {0,1} Predicted label -𝑌 = 1: Predicted high risk of postpartum depression
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Define and Measure Disparity
Demographic Parity (Statistical Parity) 
n Formulation
         P "𝑌 = 1 𝐴 = 1 = P "𝑌 = 1 𝐴 = 0

n Disparity
 𝛥!" = |P -𝑌 = 1 𝐴 = 1 − P -𝑌 = 1 𝐴 = 0 |

n Equalized averaged predictions

Dwork, Cynthia, Moritz Hardt, Toniann Pitassi, Omer Reingold, and Richard 
Zemel. "Fairness through awareness." In Proceedings of the 3rd innovations in 
theoretical computer science conference, pp. 214-226. 2012.

Group A=1 Group A=0

𝛥!"=|4/8 -2/8|=0.25

Equalized Opportunity
n Formulation

 P "𝑌 = 1 𝐴 = 1 = P "𝑌 = 1 𝐴 = 0

n Disparity
 𝛥!" = |P "𝑌 = 1 𝐴 = 1, 𝑌 = 1 − P "𝑌 = 1 𝐴 = 0, 𝑌 = 1 |

n Equalized true positive rates

Group A=1 Group A=0

𝛥#"=|9/12 -2/4|=0.33
Hardt, Moritz, Eric Price, and Nati Srebro. "Equality of opportunity in 
supervised learning." Advances in neural information processing systems 29 
(2016).

Risk Risk

Y=1: color dots
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How to Address Disparity
Fairness through Unawareness
n The protected attribute is not 

explicitly used in the model
n Many variables in the data are proxies 

for the protected attribute (zip code-
race)

Fair Learning Algorithms
n Pre-process
n In-process
n Post-process

1 2 3 4 5
Gather and 
pre-process 

data
Build model

Train and 
evaluate 
model

Deploy model Make 
predictions

Reweight data

Add fairness constraints

Set different prediction 
thresholds



26

Learning Fair Representation
n Learn a fair encoder which maintains 

useful information in X to predict Y 
and hides the sensitive attributes

n Tradeoffs between accuracy and 
various fairness metrics yielded by 
different LAFTR loss functions

Madras, David, Elliot Creager, Toniann Pitassi, and Richard Zemel. "Learning adversarially fair and transferable representations." In International Conference 
on Machine Learning, pp. 3384-3393. PMLR, 2018.
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Post-Processing Risk Scores
n For a given threshold 𝜃,  the prediction is 

decided by the predicted score:
n Original disparity:

 𝛥,- =
.
/0
− 1
/0

= 0.23

n Set different thresholds for different 
groups 

n Disparity after adjustment: 

            𝛥,- =
1
/0−

1
/0 = 0

n Advantage: model-agnostic

Ŷ = I[S � ✓]

Hardt, Moritz, Eric Price, and Nati Srebro. "Equality of opportunity in supervised learning." Advances in neural information processing systems 29 (2016).
Figure Source: https://data102.org/sp20/assets/notes/notes05.pdf
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Applications in Healthcare
n Numerous works have been published 

to evaluate and mitigate the algorithmic 
disparity in healthcare applications

n Build risk prediction model and consider 
the algorithmic disparity with data from 
single site

n Problem: the amount of healthcare data 
from single site may be not enough to 
train a good model

0.069
0.122

Huang, Jonathan, Galal Galal, Mozziyar Etemadi, and Mahesh Vaidyanathan. "Evaluation and mitigation of racial bias in clinical machine learning models: 
scoping review." JMIR Medical Informatics 10, no. 5 (2022): e36388.
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Address Disparity in Multiple Sites
n Training a global model across multiple sites (e.g., hospitals)
n A global standard on disparity that each site should satisfy simultaneously 

with the global model
n It is challenging to achieve this due to the distribution shift across sites

Disparity ≤ 0.05
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Address Disparity in Multiple Sites
n Intensive Care Unit data from 11 hospitals
n Fairness: demographic parity (Y: Length of Stay > 1 week, A: Race)
n With existing methods, the disparities on some clients are still very high

Disparity ≤ 0.05
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Restrict Disparity for Each Site
Goal
n Address algorithmic disparities in 

multiple sites

𝑢#: utility on site i
𝑔#: disparity on site i

Cui, Sen, Weishen Pan, Jian Liang, Changshui Zhang, and Fei Wang. "Addressing algorithmic disparity and performance inconsistency in federated 
learning." Advances in Neural Information Processing Systems 34 (2021): 26091-26102.
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Goal
n Address algorithmic disparities in 

multiple sites
Subgoals
n (Fairness) All sites achieve fairness

n (Utility) Maximize the minimal 
utility across all sites

Restrict Disparity for Each Site

𝑔7 ≤ 𝜀7, ∀	𝑖

𝑢#: utility on site i
𝑔#: disparity on site i
𝜖#: fairness budge on site i

maxmin{u1, ..., uN}

Cui, Sen, Weishen Pan, Jian Liang, Changshui Zhang, and Fei Wang. "Addressing algorithmic disparity and performance inconsistency in federated 
learning." Advances in Neural Information Processing Systems 34 (2021): 26091-26102.
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Fairness Results on All Hospitals
n Satisfy fairness constraints on all hospitals
n Feasible under different levels of fairness constraints 
 

Cui, Sen, Weishen Pan, Jian Liang, Changshui Zhang, and Fei Wang. "Addressing algorithmic disparity and performance inconsistency in federated 
learning." Advances in Neural Information Processing Systems 34 (2021): 26091-26102.
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Takeaways
n Risk prediction models applied to healthcare are faced with algorithmic 

disparity
n The method to address algorithmic disparity should balance the fairness-

utility trade-off 
n It is also important to consider algorithmic disparity on multiple sites
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Fairness Explainability Generalizability

n The need of explanation in healthcare risk prediction
n Methods on explainable machine learning

• Learn directly interpretable model 
• Post-hoc explanation

n Explanations of prediction in healthcare applications

Risk Prediction with EHR
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Need of Explanation

(Source: https://www.hitachi.us/press/partners-connected-health-and-hitachi-develop-an-explainable-ai-technology-to-help-doctors-predict-
readmissions-and-improve-patient-outcomes)
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Explainable Machine Learning Methods

Hind, Michael. "Explaining explainable AI." XRDS: Crossroads, The ACM Magazine for Students 25.3 (2019): 16-19.
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Learn Directly Interpretable Model 

(Source: Tutorial on KDD2018: Explainable AI in Healthcare)
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LIME (Local Interpretable Model-agnostic Explanations)

Ribeiro, Marco Tulio, Sameer Singh, and Carlos Guestrin. "" Why should i trust you?" Explaining the predictions of any classifier." Proceedings of the 22nd 
ACM SIGKDD international conference on knowledge discovery and data mining. 2016.

n Explains the predictions of any model 
f by approximating it locally with a 
linear model

n For a given sample ⨁, samples 
instances around ⨁, gets their 
predictions using f, and weighs them 
by the similarity to the instance being 
explained (represented by size)

n The dashed line is the explanation 
learned locally
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Stabilized LIME 
n LIME has been shown to exhibit large 

instability across different samples,  
which harms user trust

n Stabilized LIME: Automatically and 
adaptively determine the number of 
perturbations needed to guarantee a 
stable explanation

n Results on Breast Cancer dataset
• The explanations by stabilized 

LIME are more stable than LIME 
across different runs

Run1 of LIME 

Run1 of S-LIME 

Run2 of LIME 

Run2 of S-LIME 

Zhou, Zhengze, Giles Hooker, and Fei Wang. "S-lime: Stabilized-lime for model explanation." Proceedings of the 27th ACM SIGKDD conference on 
knowledge discovery & data mining. 2021.
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SHAP (SHapley Additive exPlanations)
n Game theoretic method to calculate feature contributions to the prediction
n Each feature is a player in a game where the prediction is the payout
n The Shapley value - a method from coalitional game theory to attribute the 

payout among the players

Lundberg, Scott M., and Su-In Lee. "A unified approach to interpreting model predictions." Advances in neural information processing systems 30 (2017).

Permutation Marginal for age = 55

∅ f({age = 55}) - f({∅}) = 0.5 – 0.2 = 0.3

{smoke = yes} f({age = 55, smoke = yes}) - f({smoke = yes}) = 
0.75 - 0.4 = 0.35

𝜙$%& (0.35 + 0.3) / 2 = 0.325

X={age = 55, smoke = yes}, f(X) = 0.75
(f(X): risk of long-term mortality)

f(∅) =E[f(x)]= 0.2
f({smoke = yes}) = 0.4
f({age = 55}) = 0.5
f({age = 55, smoke = yes}) = 0.75



42

Predict RT-PCR Test with Routine Lab Tests

Yang, He S., Yu Hou, Ljiljana V. Vasovic, Peter AD Steel, Amy Chadburn, Sabrina E. Racine-Brzostek, Priya Velu et al. "Routine laboratory blood tests predict 
SARS-CoV-2 infection using machine learning." Clinical chemistry 66, no. 11 (2020): 1396-1404.
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Shapley Values of COVID Infection Prediction

Yang, He S., Yu Hou, Ljiljana V. Vasovic, Peter AD Steel, Amy Chadburn, Sabrina E. Racine-Brzostek, Priya Velu et al. "Routine laboratory blood tests predict 
SARS-CoV-2 infection using machine learning." Clinical chemistry 66, no. 11 (2020): 1396-1404.

f({∅})=E[f(x)]

𝒇 𝒙 = f({∅})+(
𝒊

𝝓𝒊

f(𝑥)
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Shapley Flow

Wang, Jiaxuan, Jenna Wiens, and Scott Lundberg. "Shapley flow: A graph-based approach to interpreting model predictions." In International Conference on 
Artificial Intelligence and Statistics, pp. 721-729. PMLR, 2021.

n Original SHAP assumed the features to 
be independent, while the features 
may follow a causal structure in real-
world problems

n Shapley Flow: A graph-based 
approach to explain model prediction 
by attributing the prediction to the 
edges on the graph

𝑋" 𝑋# 𝑋$ 𝑋%

𝑓
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Shapley Flow

Wang, Jiaxuan, Jenna Wiens, and Scott Lundberg. "Shapley flow: A graph-based approach to interpreting model predictions." In International Conference on 
Artificial Intelligence and Statistics, pp. 721-729. PMLR, 2021.

n Dataset based on National Health and Nutrition Examination Survey 
n Explain the risk of death over 15-yr followup for a given individual
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Pan, Weishen, Sen Cui, Jiang Bian, Changshui Zhang, and Fei Wang. "Explaining algorithmic fairness through fairness-aware causal path decomposition." 
In Proceedings of the 27th ACM SIGKDD Conference on Knowledge Discovery & Data Mining, pp. 1287-1297. 2021.

FACTS (Fairness-Aware Causal paTh decompoSition)
n Specifically target at explaining the disparity  
n Provide more comprehensive explanation of 

disparity
n Highlighted in AMIA (American Medical 

Informatics Association) 2021 Year-in-
Review Session

Feature-based explanations on disparity Path-based explanations

�1

�2

�3 �4

�5

�6

Ŷ

A
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Takeaways
n Explanability is essential for clinicians/patients to trust prediction of 

machine learning model in healthcare AI
n Post-hoc explanations (e.g., Shapeley values) are model-agonistic and 

more applicable
n Taking the causal structure between the features into consideration could 

make the explanations more comprehensive
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Fairness Explainability Generalizability

Generalizability/Transferability
n The need to apply a model to external sites
n Factors that affect model generalizability 
n Strategies to improve model generalizability

Risk Prediction with EHR
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Apply the Champion Model to External Sites

Weill Cornell Medicine (WCM):
1101 PTHrP orders from 2017 
to 2022
PTHrP positive rate 16.9%
Send-out lab: Quest 
Diagnostics

University of Texas M.D. Anderson Cancer Center (MDA)
1090 PTHrP orders from 2021-2022
PTHrP positive rate 23.9%
Send-out lab: Mayo Clinic Laboratories

Washington University School of 
Medicine in St. Louis (WUSM)
1330 PTHrP orders from 2012 to 2022
Positive rate 17.5%
Send-out lab: Mayo Clinic Laboratories

Ohio State University Wexner Medical Center (OSU)
Data under analysis
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Factors that Affect Model Generalizability 
n Patient demographic characteristics
n Geographic features
n Instrument platforms
n Sample handling protocols and other pre-analytical factors
n Testing methodologies
n Send-out laboratories
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Directly Applying the PTHrP Model
n When the ready-made model from WUSM was directly applied “as-is” to 

the two independent datasets, its performance moderately deteriorated 
in MDA but substantially deteriorated in WCM 

(Yang, Sarina, Pan, Weishen, et.al. manuscript under review)
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Strategies to Improve Model Performance
n Strategy 1: Re-training the XGBoost model using site-specific data with the 

same model architecture, feature sets, and hyperparameters
n Strategy 2: Re-building the model using site-specific data including feature 

selection, hyperparameter tuning and model parameter learning

When a ready-made model cannot be directly transported to external datasets due to the shift of data distribution, 
some local customization strategies can be utilized to improve model performance, such as re-training or re-
building the model using site-specific data.  (Yang, Sarina, Pan, Weishen, et.al. manuscript under review)
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What If a Hospital Has Limited Data to Re-
Train the Model? 

n Explored a model fine-tuning strategy 
in which the ready-made model is 
applied to hospitals with limited 
training data (low-resource scenarios)

n The fine-tuning strategy performed 
best when the amounts of available 
samples were relatively small (< 200). 
However, when the number of 
available samples exceeded 200, 
model re-training appeared to be a 
better option

(Yang, Sarina, Pan, Weishen, et.al. manuscript under review)
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Takeaways
n It is essential to evaluate model generalizability in independent, external 

datasets. 
n Directly transporting a ready-made model to external datasets may lead to 

performance deterioration due to data distribution shift. Model re-
training or re-building could improve the performance when there are 
enough local data, whereas model fine-tuning may be a favorable strategy 
when site-specific data is limited.

Finlayson, Samuel G., Adarsh Subbaswamy, Karandeep Singh, John Bowers, Annabel Kupke, Jonathan Zittrain, Isaac S. Kohane, and Suchi 
Saria. "The clinician and dataset shift in artificial intelligence." New England Journal of Medicine 385, no. 3 (2021): 283-286.
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Fairness Explainability Generalizability

Risk Prediction with EHR
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Fairness Explainability Generalizability

Risk Prediction with EHR

Ranking Patients for Resource Allocation

Risk Scores
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Disparity when Ranking by Risk Scores
n Allocating limited medical resources
n Ranking the people based on the risk score
n Ranking disparity ! 

0.27   0.35   0.40   0.50   0.53   0.60   0.65   0.70   0.87   0.94
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Measuring Ranking Disparity
n AUC is calculated as the probability that a randomly drawn predicted score from the 

positive class (𝑆/) is higher than a predicted score from the negative class (𝑆;) :

n The xAUC of group 𝑎 over b (Kallus et.al. 2019): 

• 𝑆/<: predicted score from the posiXve class in group a
• 𝑆;=: predicted score from the negaXve class in group b

AUC = Pr[S1 > S0] AUC: VS

0.27   0.35   0.40   0.50   0.53   0.60   0.65   0.70   0.87   0.94

xAUC(a, b) = Pr
⇥
Sa
1 > Sb

0

⇤
xAUC(a,b): VS

Kallus, Nathan, and Angela Zhou. "The fairness of risk scores beyond classification: Bipartite ranking and the xauc metric." Advances in neural 
information processing systems 32 (2019).
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Measuring Ranking Disparity
n The xAUC of group 𝑎 over b:

n Ranking Disparity:

xAUC(a, b) = Pr
⇥
Sa
1 > Sb

0

⇤

�xAUC(a, b) = |xAUC(a, b)� xAUC(b, a)|

=
���Pr

h
Sa1 > Sb0

i
� Pr

h
Sb1 > Sa0

i���

0.27   0.35   0.40   0.50   0.53   0.60   0.65   0.70   0.87   0.94

How to address 
such disparity?

Kallus, Nathan, and Angela Zhou. "The fairness of risk scores beyond classification: Bipartite ranking and the xauc metric." Advances in neural 
information processing systems 32 (2019).
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Post-hoc Ranking Adjustment
n Optimize the ordering directly

n 𝑝#: samples in group a sorted by predicted scores
n 𝑝$: samples in group b sorted by predicted scores

n Change cross-group ordering while keeping the inner-group ordering fixed (xOrder)
n Find the optimal ordering operation o while considering the fairness-utility trade-off 

explicitly

0.94 0.87 0.80 0.75 0.70 0.63 0.60 0.50 0.49
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<latexit sha1_base64="XTB0a8yWkVO85oem4f2SUqFlwPA=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kOFy9Xziur1iyat4M6BV4i9IqVb4vkYAUO8VP7v9hKQxFYZwrHXH96QJMqwMI5xO8t1UU4nJCA9ox1KBY6qDbHbzBJ1ZpY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI0pb0Pwl19eJc2Liu9V/DubRhXmyMEJnEIZfLiEGtxCHRpAQMITvMCrkzrPzpvzPm9dcxYzx/AHzscP4VORsw==</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="bW0p0BEYQ6G9TMENpq6gqLxxRV0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/XLmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk/ZVzfdq/r1XadTzOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALsPkBw=</latexit>

pa(5)
<latexit sha1_base64="iS7LkKf0Kwgj71/Y0FcW2CarJC8=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdUfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yHD54nTsut1iyat4U6Bl4s9JqVr4vkYAUOsWPzu9hKQxFYZwrHXb96QJMqwMI5yO851UU4nJEPdp21KBY6qDbHrzGJ1YpYeiRNkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQUZEzI1VJDZoijlyCRoEgDqMUWJ4SNLMFHM3orIACtMjI0pb0PwF19eJo2ziu9V/DubxjnMkIMjOIYy+HAJVbiFGtSBgIQneIFXJ3WenTfnfda64sxnDuEPnI8f4tuRtA==</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="TaZwz/ZOwqDIOLXegVWPpCxhsRk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7ouix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jHD1avzqev2yxWv5s2BVomfkwrkaPTLX71BQtKYCkM41rrre9IEGVaGEU6npV6qqcRkjIe0a6nAMdVBNr95is6sMkBRomwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMCZkaKshiUZRyZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsiH4yy+vktZFzfdq/r1XqV/mcRThBE6hCj5cQx3uoAFNICDhGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AbyXkB0=</latexit>

pb(4)
<latexit sha1_base64="z3y33cA4ydL22YjiiLwwuPrlPCQ=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kIXl6vnEdXvFklfxZkCrxF+QUq3wfY0AoN4rfnb7CUljKgzhWOuO70kTZFgZRjid5LupphKTER7QjqUCx1QH2ezmCTqzSh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtT3obgL7+8SpoXFd+r+Hc2jSrMkYMTOIUy+HAJNbiFOjSAgIQneIFXJ3WenTfnfd665ixmjuEPnI8f4t2RtA==</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ucbLuIP1Xrpby9wYYMd+awy2wxE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVuuXM9cdlCtezVsArRM/JxXI0RyUv/rDhKQxFYZwrHXP96QJMqwMI5zOSv1UU4nJBI9oz1KBY6qDbHHzDF1YZYiiRNkSBi3U3xMZjrWexqHtjLEZ61VvLv7n9VIT3QQZEzI1VJDloijlyCRoHgAaMkWJ4VNLMFHM3orIGCtMjI2pZEPwV19eJ+2rmu/V/Huv0qjncRThDM6hCj5cQwPuoAktICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AbyZkB0=</latexit>

original rankings

predicted ranking score

pb(4)
<latexit sha1_base64="z3y33cA4ydL22YjiiLwwuPrlPCQ=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kIXl6vnEdXvFklfxZkCrxF+QUq3wfY0AoN4rfnb7CUljKgzhWOuO70kTZFgZRjid5LupphKTER7QjqUCx1QH2ezmCTqzSh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtT3obgL7+8SpoXFd+r+Hc2jSrMkYMTOIUy+HAJNbiFOjSAgIQneIFXJ3WenTfnfd665ixmjuEPnI8f4t2RtA==</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ucbLuIP1Xrpby9wYYMd+awy2wxE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVuuXM9cdlCtezVsArRM/JxXI0RyUv/rDhKQxFYZwrHXP96QJMqwMI5zOSv1UU4nJBI9oz1KBY6qDbHHzDF1YZYiiRNkSBi3U3xMZjrWexqHtjLEZ61VvLv7n9VIT3QQZEzI1VJDloijlyCRoHgAaMkWJ4VNLMFHM3orIGCtMjI2pZEPwV19eJ+2rmu/V/Huv0qjncRThDM6hCj5cQwPuoAktICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AbyZkB0=</latexit>

pa(3)
<latexit sha1_base64="ZvpECIG/nnNAHSQzCSXLgawc1Ek=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdFfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yHD5/HTsut1iyat4U6Bl4s9JqVr4vkYAUOsWPzu9hKQxFYZwrHXb96QJMqwMI5yO851UU4nJEPdp21KBY6qDbHrzGJ1YpYeiRNkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQUZEzI1VJDZoijlyCRoEgDqMUWJ4SNLMFHM3orIACtMjI0pb0PwF19eJo2ziu9V/DubxgXMkIMjOIYy+HAJVbiFGtSBgIQneIFXJ3WenTfnfda64sxnDuEPnI8f38uRsg==</latexit><latexit sha1_base64="sW+LHl56A7cNCK//oEDQEKhRYBM=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcXT0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxBjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNPIpLF</latexit><latexit sha1_base64="sW+LHl56A7cNCK//oEDQEKhRYBM=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcXT0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxBjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNPIpLF</latexit><latexit sha1_base64="PwCz3eNBP9hS71JqP5yfPxwWt2g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7Kuix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jHD1cvzqev2yxWv5s2BVomfkwrkaPTLX71BQtKYCkM41rrre9IEGVaGEU6npV6qqcRkjIe0a6nAMdVBNr95is6sMkBRomwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMCZkaKshiUZRyZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsiH4yy+vktZFzfdq/r1XqV/lcRThBE6hCj5cQx3uoAFNICDhGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AbmHkBs=</latexit>

pb(3)
<latexit sha1_base64="Rdehw+rWDrl5HeTmPV3cXnBS1yA=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdFfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yMLy+enYdbvFklfxpkDLxJ+TUrXwfY0AoNYtfnZ6CUljKgzhWOu270kTZFgZRjgd5zupphKTIe7TtqUCx1QH2fTmMTqxSg9FibIlDJqqvycyHGs9ikPbGWMz0IveRPzPa6cmugoyJmRqqCCzRVHKkUnQJADUY4oSw0eWYKKYvRWRAVaYGBtT3obgL768TBpnFd+r+Hc2jQuYIQdHcAxl8OESqnALNagDAQlP8AKvTuo8O2/O+6x1xZnPHMIfOB8/4VWRsw==</latexit><latexit sha1_base64="3/KVxTlcb+92MWrUiHOzwnvHY4A=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+DYunpbHrdvIFr+xN4SwTf04Kldz3Zcn+uK528p/tboyTiHCNGVKq5XtCBymSmmJGxnY7UUQgPER90jKUo4ioIJ3ePHaOjdJ1erE0xbUzVX9PpChSahSFpjNCeqAWvYn4n9dKdO8iSCkXiSYczxb1Eubo2JkE4HSpJFizkSEIS2pudfAASYS1ick2IfiLLy+T+knZ98r+rUnjDGbIwiEcQRF8OIcK3EAVaoBBwCM8w4uVWE/Wq/U2a81Y85kD+APr/QdQrJLG</latexit><latexit sha1_base64="3/KVxTlcb+92MWrUiHOzwnvHY4A=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+DYunpbHrdvIFr+xN4SwTf04Kldz3Zcn+uK528p/tboyTiHCNGVKq5XtCBymSmmJGxnY7UUQgPER90jKUo4ioIJ3ePHaOjdJ1erE0xbUzVX9PpChSahSFpjNCeqAWvYn4n9dKdO8iSCkXiSYczxb1Eubo2JkE4HSpJFizkSEIS2pudfAASYS1ick2IfiLLy+T+knZ98r+rUnjDGbIwiEcQRF8OIcK3EAVaoBBwCM8w4uVWE/Wq/U2a81Y85kD+APr/QdQrJLG</latexit><latexit sha1_base64="hNlwvxH5+5fq6lU+wbAQIh6/JNk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7Kuix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jELq5fnU9ftlytezZsDrRI/JxXI0eiXv3qDhKQxFYZwrHXX96QJMqwMI5xOS71UU4nJGA9p11KBY6qDbH7zFJ1ZZYCiRNkSBs3V3xMZjrWexKHtjLEZ6WVvJv7ndVMT3QQZEzI1VJDFoijlyCRoFgAaMEWJ4RNLMFHM3orICCtMjI2pZEPwl19eJa2Lmu/V/HuvUr/K4yjCCZxCFXy4hjrcQQOaQEDCM7zCm5M6L86787FoLTj5zDH8gfP5A7sRkBw=</latexit>

pa(2)
<latexit sha1_base64="nuJkwPA749lcH6RDqTZN9V4VxcE=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvITdIOjNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kOFy9Xziur1iyat4M6BV4i9IqVb4vkYAUO8VP7v9hKQxFYZwrHXH96QJMqwMI5xO8t1UU4nJCA9ox1KBY6qDbHbzBJ1ZpY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI0pb0Pwl19eJc1qxfcq/p1N4wLmyMEJnEIZfLiEGtxCHRpAQMITvMCrkzrPzpvzPm9dcxYzx/AHzscP3kORsQ==</latexit><latexit sha1_base64="hZ2ZLWlJsKnPCEquAMsL1iwefpc=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJo1L23LJ3a9I4gzmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFNmpLE</latexit><latexit sha1_base64="hZ2ZLWlJsKnPCEquAMsL1iwefpc=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJo1L23LJ3a9I4gzmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFNmpLE</latexit><latexit sha1_base64="05uHPXUBkHjvGHq3XCVrLl8t4q4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/XLmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk3a95ns1/96rNK7yOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALf/kBo=</latexit>

pb(2)
<latexit sha1_base64="/hPsLaocu1T7td0m7UwRoBRmYzM=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvITdIOjNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kIXl6vnEdXvFklfxZkCrxF+QUq3wfY0AoN4rfnb7CUljKgzhWOuO70kTZFgZRjid5LupphKTER7QjqUCx1QH2ezmCTqzSh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtT3obgL7+8SprViu9V/DubxgXMkYMTOIUy+HAJNbiFOjSAgIQneIFXJ3WenTfnfd665ixmjuEPnI8f382Rsg==</latexit><latexit sha1_base64="c5Hf2uNXiLe5AtrsoOSAO7EtMAY=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SRqXsuWXv1qRxBnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNPJJLF</latexit><latexit sha1_base64="c5Hf2uNXiLe5AtrsoOSAO7EtMAY=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SRqXsuWXv1qRxBnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNPJJLF</latexit><latexit sha1_base64="mTypRyOMCZ7kdg/AZxUVFXfRfdk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVuuXM9cdlCtezVsArRM/JxXI0RyUv/rDhKQxFYZwrHXP96QJMqwMI5zOSv1UU4nJBI9oz1KBY6qDbHHzDF1YZYiiRNkSBi3U3xMZjrWexqHtjLEZ61VvLv7n9VIT3QQZEzI1VJDloijlyCRoHgAaMkWJ4VNLMFHM3orIGCtMjI2pZEPwV19eJ+16zfdq/r1XaVzlcRThDM6hCj5cQwPuoAktICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AbmJkBs=</latexit>

pa(4)
<latexit sha1_base64="XTB0a8yWkVO85oem4f2SUqFlwPA=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kOFy9Xziur1iyat4M6BV4i9IqVb4vkYAUO8VP7v9hKQxFYZwrHXH96QJMqwMI5xO8t1UU4nJCA9ox1KBY6qDbHbzBJ1ZpY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI0pb0Pwl19eJc2Liu9V/DubRhXmyMEJnEIZfLiEGtxCHRpAQMITvMCrkzrPzpvzPm9dcxYzx/AHzscP4VORsw==</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="bW0p0BEYQ6G9TMENpq6gqLxxRV0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/XLmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk/ZVzfdq/r1XadTzOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALsPkBw=</latexit>

pa(5)
<latexit sha1_base64="iS7LkKf0Kwgj71/Y0FcW2CarJC8=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdUfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yHD54nTsut1iyat4U6Bl4s9JqVr4vkYAUOsWPzu9hKQxFYZwrHXb96QJMqwMI5yO851UU4nJEPdp21KBY6qDbHrzGJ1YpYeiRNkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQUZEzI1VJDZoijlyCRoEgDqMUWJ4SNLMFHM3orIACtMjI0pb0PwF19eJo2ziu9V/DubxjnMkIMjOIYy+HAJVbiFGtSBgIQneIFXJ3WenTfnfda64sxnDuEPnI8f4tuRtA==</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="TaZwz/ZOwqDIOLXegVWPpCxhsRk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7ouix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jHD1avzqev2yxWv5s2BVomfkwrkaPTLX71BQtKYCkM41rrre9IEGVaGEU6npV6qqcRkjIe0a6nAMdVBNr95is6sMkBRomwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMCZkaKshiUZRyZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsiH4yy+vktZFzfdq/r1XqV/mcRThBE6hCj5cQx3uoAFNICDhGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AbyXkB0=</latexit>

group b

group a

label 0

label 1

pb(1)
<latexit sha1_base64="nP8exoJ0+gGxjtu+5vSNnxoHIuQ=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIQsr/tnEdXulslf1ZkCrxF+Qcq34fY0AoN4rfXb7CUljKgzhWOuO70kTZFgZRjidFLqpphKTER7QjqUCx1QH2ezmCTq1Sh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtTwYbgL7+8SprnVd+r+nc2jQuYIw/HcAIV8OESanALdWgAAQlP8AKvTuo8O2/O+7w15yxmjuAPnI8f3kWRsQ==</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="Qm0udL7tEFQ9iXZp/hHhsq1UmlE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVv3LmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk3a95ns1/96rNK7yOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALgBkBo=</latexit>

pa(1)
<latexit sha1_base64="6NmC3Mybq5S8wsw2WOrcbXMd1fU=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIcMV/2ziur1S2at6M6BV4i9IuVb8vkYAUO+VPrv9hKQxFYZwrHXH96QJMqwMI5xOCt1UU4nJCA9ox1KBY6qDbHbzBJ1apY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI2pYEPwl19eJc3zqu9V/TubxgXMkYdjOIEK+HAJNbiFOjSAgIQneIFXJ3WenTfnfd6acxYzR/AHzscP3LuRsA==</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="haa9LFUUE8ItorxAt5PX96Bbwok=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/7lzHUH5YpX8xZA68TPSQVyNAflr/4wIWlMhSEca93zPWmCDCvDCKezUj/VVGIywSPas1TgmOogW9w8QxdWGaIoUbaEQQv190SGY62ncWg7Y2zGetWbi/95vdREN0HGhEwNFWS5KEo5MgmaB4CGTFFi+NQSTBSztyIyxgoTY2Mq2RD81ZfXSbte872af+9VGld5HEU4g3Oogg/X0IA7aEILCEh4hld4c1LnxXl3PpatBSefOYU/cD5/ALZ3kBk=</latexit>

pa(1)
<latexit sha1_base64="6NmC3Mybq5S8wsw2WOrcbXMd1fU=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIcMV/2ziur1S2at6M6BV4i9IuVb8vkYAUO+VPrv9hKQxFYZwrHXH96QJMqwMI5xOCt1UU4nJCA9ox1KBY6qDbHbzBJ1apY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI2pYEPwl19eJc3zqu9V/TubxgXMkYdjOIEK+HAJNbiFOjSAgIQneIFXJ3WenTfnfd6acxYzR/AHzscP3LuRsA==</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="haa9LFUUE8ItorxAt5PX96Bbwok=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/7lzHUH5YpX8xZA68TPSQVyNAflr/4wIWlMhSEca93zPWmCDCvDCKezUj/VVGIywSPas1TgmOogW9w8QxdWGaIoUbaEQQv190SGY62ncWg7Y2zGetWbi/95vdREN0HGhEwNFWS5KEo5MgmaB4CGTFFi+NQSTBSztyIyxgoTY2Mq2RD81ZfXSbte872af+9VGld5HEU4g3Oogg/X0IA7aEILCEh4hld4c1LnxXl3PpatBSefOYU/cD5/ALZ3kBk=</latexit>

pb(1)
<latexit sha1_base64="nP8exoJ0+gGxjtu+5vSNnxoHIuQ=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIQsr/tnEdXulslf1ZkCrxF+Qcq34fY0AoN4rfXb7CUljKgzhWOuO70kTZFgZRjidFLqpphKTER7QjqUCx1QH2ezmCTq1Sh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtTwYbgL7+8SprnVd+r+nc2jQuYIw/HcAIV8OESanALdWgAAQlP8AKvTuo8O2/O+7w15yxmjuAPnI8f3kWRsQ==</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="Qm0udL7tEFQ9iXZp/hHhsq1UmlE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVv3LmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk3a95ns1/96rNK7yOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALgBkBo=</latexit>

L(o(pa, pb)) = AUC(o(pa, pb))� � ·�xAUC(o(pa, pb))

utility fairness

Cui, Sen, Weishen Pan, Changshui Zhang, and Fei Wang. "Towards model-agnostic post-hoc adjustment for balancing ranking fairness and algorithm utility." 
In Proceedings of the 27th ACM SIGKDD Conference on Knowledge Discovery & Data Mining, pp. 207-217. 2021.
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Post-hoc Ranking Adjustment

n Solve the through a dynamic 
programming process

n The efficiency of the proposed 
method can be proved theoretically

L(o(pa, pb)) = AUC(o(pa, pb))� � ·�xAUC(o(pa, pb))

utility fairness

������

pa(1)
<latexit sha1_base64="6NmC3Mybq5S8wsw2WOrcbXMd1fU=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIcMV/2ziur1S2at6M6BV4i9IuVb8vkYAUO+VPrv9hKQxFYZwrHXH96QJMqwMI5xOCt1UU4nJCA9ox1KBY6qDbHbzBJ1apY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI2pYEPwl19eJc3zqu9V/TubxgXMkYdjOIEK+HAJNbiFOjSAgIQneIFXJ3WenTfnfd6acxYzR/AHzscP3LuRsA==</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="9/54NxFYNLEaYHev2FvXV2MrPO8=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+wyWvPHacbqHoVtwp0DLx5qRYzX9flu2P61q38NnpJSSNaKwJx0q1PVdoP8NSM8Lp2O6kigpMhrhP24bGOKLKz6Y3j9GJUXooTKSpWKOp+nsiw5FSoygwnRHWA7XoTcT/vHaqwws/Y7FINY3JbFGYcqQTNAkA9ZikRPORIZhIZm5FZIAlJtrEZJsQvMWXl0njtOK5Fe/WpHEGM+TgCI6hBB6cQxVuoAZ1ICDgEZ7hxUqtJ+vVepu1rljzmUP4A+v9B0wSksM=</latexit><latexit sha1_base64="haa9LFUUE8ItorxAt5PX96Bbwok=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/7lzHUH5YpX8xZA68TPSQVyNAflr/4wIWlMhSEca93zPWmCDCvDCKezUj/VVGIywSPas1TgmOogW9w8QxdWGaIoUbaEQQv190SGY62ncWg7Y2zGetWbi/95vdREN0HGhEwNFWS5KEo5MgmaB4CGTFFi+NQSTBSztyIyxgoTY2Mq2RD81ZfXSbte872af+9VGld5HEU4g3Oogg/X0IA7aEILCEh4hld4c1LnxXl3PpatBSefOYU/cD5/ALZ3kBk=</latexit>

pa(2)
<latexit sha1_base64="nuJkwPA749lcH6RDqTZN9V4VxcE=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvITdIOjNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kOFy9Xziur1iyat4M6BV4i9IqVb4vkYAUO8VP7v9hKQxFYZwrHXH96QJMqwMI5xO8t1UU4nJCA9ox1KBY6qDbHbzBJ1ZpY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI0pb0Pwl19eJc1qxfcq/p1N4wLmyMEJnEIZfLiEGtxCHRpAQMITvMCrkzrPzpvzPm9dcxYzx/AHzscP3kORsQ==</latexit><latexit sha1_base64="hZ2ZLWlJsKnPCEquAMsL1iwefpc=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJo1L23LJ3a9I4gzmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFNmpLE</latexit><latexit sha1_base64="hZ2ZLWlJsKnPCEquAMsL1iwefpc=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJo1L23LJ3a9I4gzmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFNmpLE</latexit><latexit sha1_base64="05uHPXUBkHjvGHq3XCVrLl8t4q4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/XLmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk3a95ns1/96rNK7yOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALf/kBo=</latexit>

pa(3)
<latexit sha1_base64="ZvpECIG/nnNAHSQzCSXLgawc1Ek=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdFfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yHD5/HTsut1iyat4U6Bl4s9JqVr4vkYAUOsWPzu9hKQxFYZwrHXb96QJMqwMI5yO851UU4nJEPdp21KBY6qDbHrzGJ1YpYeiRNkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQUZEzI1VJDZoijlyCRoEgDqMUWJ4SNLMFHM3orIACtMjI0pb0PwF19eJo2ziu9V/DubxgXMkIMjOIYy+HAJVbiFGtSBgIQneIFXJ3WenTfnfda64sxnDuEPnI8f38uRsg==</latexit><latexit sha1_base64="sW+LHl56A7cNCK//oEDQEKhRYBM=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcXT0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxBjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNPIpLF</latexit><latexit sha1_base64="sW+LHl56A7cNCK//oEDQEKhRYBM=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcXT0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxBjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNPIpLF</latexit><latexit sha1_base64="PwCz3eNBP9hS71JqP5yfPxwWt2g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7Kuix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jHD1cvzqev2yxWv5s2BVomfkwrkaPTLX71BQtKYCkM41rrre9IEGVaGEU6npV6qqcRkjIe0a6nAMdVBNr95is6sMkBRomwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMCZkaKshiUZRyZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsiH4yy+vktZFzfdq/r1XqV/lcRThBE6hCj5cQx3uoAFNICDhGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AbmHkBs=</latexit>

pa(4)
<latexit sha1_base64="XTB0a8yWkVO85oem4f2SUqFlwPA=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kOFy9Xziur1iyat4M6BV4i9IqVb4vkYAUO8VP7v9hKQxFYZwrHXH96QJMqwMI5xO8t1UU4nJCA9ox1KBY6qDbHbzBJ1ZpY+iRNkSBs3U3xMZjrUex6HtjLEZ6mVvKv7ndVITXQUZEzI1VJD5oijlyCRoGgDqM0WJ4WNLMFHM3orIECtMjI0pb0Pwl19eJc2Liu9V/DubRhXmyMEJnEIZfLiEGtxCHRpAQMITvMCrkzrPzpvzPm9dcxYzx/AHzscP4VORsw==</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="RfkY6RZVBYdCqx50XKim8zYYnk4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPuU1yslCaO080X3LI7A1ol3oIUqrnvy5L9cV3r5j87vZgkIY004ViptucK7adYakY4ndidRFGByQgPaNvQCIdU+ens5gk6NUoP9WNpKtJopv6eSHGo1DgMTGeI9VAte1PxP6+d6P6Fn7JIJJpGZL6on3CkYzQNAPWYpETzsSGYSGZuRWSIJSbaxGSbELzll1dJ46zsuWXv1qRRgTmycAwnUAQPzqEKN1CDOhAQ8AjP8GIl1pP1ar3NWzPWYuYI/sB6/wFQqpLG</latexit><latexit sha1_base64="bW0p0BEYQ6G9TMENpq6gqLxxRV0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WOGq/XLmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk/ZVzfdq/r1XadTzOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALsPkBw=</latexit>

pa(5)
<latexit sha1_base64="iS7LkKf0Kwgj71/Y0FcW2CarJC8=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdUfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yHD54nTsut1iyat4U6Bl4s9JqVr4vkYAUOsWPzu9hKQxFYZwrHXb96QJMqwMI5yO851UU4nJEPdp21KBY6qDbHrzGJ1YpYeiRNkSBk3V3xMZjrUexaHtjLEZ6EVvIv7ntVMTXQUZEzI1VJDZoijlyCRoEgDqMUWJ4SNLMFHM3orIACtMjI0pb0PwF19eJo2ziu9V/DubxjnMkIMjOIYy+HAJVbiFGtSBgIQneIFXJ3WenTfnfda64sxnDuEPnI8f4tuRtA==</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="FeRMn1eUsWVMfiEUQumHqqyodKk=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewK4reDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+RcWz0th1O/mCV/amcJaJPyeFSu77smR/XFc7+c92N8ZJRLjGDCnV8j2hgxRJTTEjY7udKCIQHqI+aRnKUURUkE5vHjvHRuk6vVia4tqZqr8nUhQpNYpC0xkhPVCL3kT8z2sluncRpJSLRBOOZ4t6CXN07EwCcLpUEqzZyBCEJTW3OniAJMLaxGSbEPzFl5dJ/aTse2X/1qRxCjNk4RCOoAg+nEMFbqAKNcAg4BGe4cVKrCfr1XqbtWas+cwB/IH1/gNSMpLH</latexit><latexit sha1_base64="TaZwz/ZOwqDIOLXegVWPpCxhsRk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7ouix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jHD1avzqev2yxWv5s2BVomfkwrkaPTLX71BQtKYCkM41rrre9IEGVaGEU6npV6qqcRkjIe0a6nAMdVBNr95is6sMkBRomwJg+bq74kMx1pP4tB2xtiM9LI3E//zuqmJboKMCZkaKshiUZRyZBI0CwANmKLE8IklmChmb0VkhBUmxsZUsiH4yy+vktZFzfdq/r1XqV/mcRThBE6hCj5cQx3uoAFNICDhGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AbyXkB0=</latexit>

pb(1)
<latexit sha1_base64="nP8exoJ0+gGxjtu+5vSNnxoHIuQ=">AAAB83icbVDLSgNBEOyNrxgfiXr0MpgV4iXsiqA3A148RjAPSNYwO5lNhszODjOzQljyG148KOLVn/HmJ/gXTh4HTSxoKKq66e4KJWfaeN6Xk1tb39jcym8Xdnb39oulg8OmTlJFaIMkPFHtEGvKmaANwwynbakojkNOW+HoZuq3HqnSLBH3ZixpEOOBYBEj2Fip67ryIQsr/tnEdXulslf1ZkCrxF+Qcq34fY0AoN4rfXb7CUljKgzhWOuO70kTZFgZRjidFLqpphKTER7QjqUCx1QH2ezmCTq1Sh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtTwYbgL7+8SprnVd+r+nc2jQuYIw/HcAIV8OESanALdWgAAQlP8AKvTuo8O2/O+7w15yxmjuAPnI8f3kWRsQ==</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="2zspDZX9D/bMZwv1LzuuVjfpi0I=">AAAB83icbVDLSsNAFL3xWeOjVZduBhuh3ZREBN1ZEMFlBfuANpbJdNIOnSTDzEQoob/hxoUibv0C/8Kdn+BfOH0stPXAhcM593LvPYHgTGnX/bJWVtfWNzZzW/b2zu5evrB/0FBJKgmtk4QnshVgRTmLaV0zzWlLSIqjgNNmMLya+M0HKhVL4js9EtSPcD9mISNYG6njOOI+C0peeew43ULRrbhToGXizUmxmv++LNsf17Vu4bPTS0ga0VgTjpVqe67QfoalZoTTsd1JFRWYDHGftg2NcUSVn01vHqMTo/RQmEhTsUZT9fdEhiOlRlFgOiOsB2rRm4j/ee1Uhxd+xmKRahqT2aIw5UgnaBIA6jFJieYjQzCRzNyKyABLTLSJyTYheIsvL5PGacVzK96tSeMMZsjBERxDCTw4hyrcQA3qQEDAIzzDi5VaT9ar9TZrXbHmM4fwB9b7D02cksQ=</latexit><latexit sha1_base64="Qm0udL7tEFQ9iXZp/hHhsq1UmlE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVv3LmesOyhWv5i2A1omfkwrkaA7KX/1hQtKYCkM41rrne9IEGVaGEU5npX6qqcRkgke0Z6nAMdVBtrh5hi6sMkRRomwJgxbq74kMx1pP49B2xtiM9ao3F//zeqmJboKMCZkaKshyUZRyZBI0DwANmaLE8KklmChmb0VkjBUmxsZUsiH4qy+vk3a95ns1/96rNK7yOIpwBudQBR+uoQF30IQWEJDwDK/w5qTOi/PufCxbC04+cwp/4Hz+ALgBkBo=</latexit>

pb(2)
<latexit sha1_base64="/hPsLaocu1T7td0m7UwRoBRmYzM=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvITdIOjNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kIXl6vnEdXvFklfxZkCrxF+QUq3wfY0AoN4rfnb7CUljKgzhWOuO70kTZFgZRjid5LupphKTER7QjqUCx1QH2ezmCTqzSh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtT3obgL7+8SprViu9V/DubxgXMkYMTOIUy+HAJNbiFOjSAgIQneIFXJ3WenTfnfd665ixmjuEPnI8f382Rsg==</latexit><latexit sha1_base64="c5Hf2uNXiLe5AtrsoOSAO7EtMAY=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SRqXsuWXv1qRxBnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNPJJLF</latexit><latexit sha1_base64="c5Hf2uNXiLe5AtrsoOSAO7EtMAY=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewGwS9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SRqXsuWXv1qRxBnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNPJJLF</latexit><latexit sha1_base64="mTypRyOMCZ7kdg/AZxUVFXfRfdk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7RdBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVuuXM9cdlCtezVsArRM/JxXI0RyUv/rDhKQxFYZwrHXP96QJMqwMI5zOSv1UU4nJBI9oz1KBY6qDbHHzDF1YZYiiRNkSBi3U3xMZjrWexqHtjLEZ61VvLv7n9VIT3QQZEzI1VJDloijlyCRoHgAaMkWJ4VNLMFHM3orIGCtMjI2pZEPwV19eJ+16zfdq/r1XaVzlcRThDM6hCj5cQwPuoAktICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AbmJkBs=</latexit>

pb(3)
<latexit sha1_base64="Rdehw+rWDrl5HeTmPV3cXnBS1yA=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdFfRmwIvHCOYByRpmJ7PJkNnZYWZWCEt+w4sHRbz6M978BP/CyeOgiQUNRVU33V2h5Ewbz/tyVlbX1jc2c1v57Z3dvUJx/6Chk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mfjNR6o0S8S9GUkaxLgvWMQINlbquK58yMLy+enYdbvFklfxpkDLxJ+TUrXwfY0AoNYtfnZ6CUljKgzhWOu270kTZFgZRjgd5zupphKTIe7TtqUCx1QH2fTmMTqxSg9FibIlDJqqvycyHGs9ikPbGWMz0IveRPzPa6cmugoyJmRqqCCzRVHKkUnQJADUY4oSw0eWYKKYvRWRAVaYGBtT3obgL768TBpnFd+r+Hc2jQuYIQdHcAxl8OESqnALNagDAQlP8AKvTuo8O2/O+6x1xZnPHMIfOB8/4VWRsw==</latexit><latexit sha1_base64="3/KVxTlcb+92MWrUiHOzwnvHY4A=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+DYunpbHrdvIFr+xN4SwTf04Kldz3Zcn+uK528p/tboyTiHCNGVKq5XtCBymSmmJGxnY7UUQgPER90jKUo4ioIJ3ePHaOjdJ1erE0xbUzVX9PpChSahSFpjNCeqAWvYn4n9dKdO8iSCkXiSYczxb1Eubo2JkE4HSpJFizkSEIS2pudfAASYS1ick2IfiLLy+T+knZ98r+rUnjDGbIwiEcQRF8OIcK3EAVaoBBwCM8w4uVWE/Wq/U2a81Y85kD+APr/QdQrJLG</latexit><latexit sha1_base64="3/KVxTlcb+92MWrUiHOzwnvHY4A=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTErJJewq4LeDIjgMYJ5QLKG2ckkGTI7O8zMCmHJb3jxoIhXv8C/8OYn+BdOHgdNLGgoqrrp7goFo0p73peVWVldW9/Ibtpb2zu7ufzefl3FicSkhmMWy2aIFGGUk5qmmpGmkARFISONcHg18RsPRCoa8zs9EiSIUJ/THsVIG6ntuuI+DYunpbHrdvIFr+xN4SwTf04Kldz3Zcn+uK528p/tboyTiHCNGVKq5XtCBymSmmJGxnY7UUQgPER90jKUo4ioIJ3ePHaOjdJ1erE0xbUzVX9PpChSahSFpjNCeqAWvYn4n9dKdO8iSCkXiSYczxb1Eubo2JkE4HSpJFizkSEIS2pudfAASYS1ick2IfiLLy+T+knZ98r+rUnjDGbIwiEcQRF8OIcK3EAVaoBBwCM8w4uVWE/Wq/U2a81Y85kD+APr/QdQrJLG</latexit><latexit sha1_base64="hNlwvxH5+5fq6lU+wbAQIh6/JNk=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7Kuix4MVjBfsB7VqyabYNzWZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRWiTJDxRnRBrypmgTcMMpx2pKI5DTtvh+Hbmt5+o0iwRD2YiaRDjoWARI9hYqee68jELq5fnU9ftlytezZsDrRI/JxXI0eiXv3qDhKQxFYZwrHXX96QJMqwMI5xOS71UU4nJGA9p11KBY6qDbH7zFJ1ZZYCiRNkSBs3V3xMZjrWexKHtjLEZ6WVvJv7ndVMT3QQZEzI1VJDFoijlyCRoFgAaMEWJ4RNLMFHM3orICCtMjI2pZEPwl19eJa2Lmu/V/HuvUr/K4yjCCZxCFXy4hjrcQQOaQEDCM7zCm5M6L86787FoLTj5zDH8gfP5A7sRkBw=</latexit>

pb(4)
<latexit sha1_base64="z3y33cA4ydL22YjiiLwwuPrlPCQ=">AAAB83icbVDLSgNBEOz1GeMjUY9eBrNCvIRdCejNgBePEcwDkjXMTmaTIbOzw8ysEJb8hhcPinj1Z7z5Cf6Fk8dBEwsaiqpuurtCyZk2nvflrK1vbG5t53byu3v7B4Xi4VFTJ6kitEESnqh2iDXlTNCGYYbTtlQUxyGnrXB0M/Vbj1Rploh7M5Y0iPFAsIgRbKzUdV35kIXl6vnEdXvFklfxZkCrxF+QUq3wfY0AoN4rfnb7CUljKgzhWOuO70kTZFgZRjid5LupphKTER7QjqUCx1QH2ezmCTqzSh9FibIlDJqpvycyHGs9jkPbGWMz1MveVPzP66QmugoyJmRqqCDzRVHKkUnQNADUZ4oSw8eWYKKYvRWRIVaYGBtT3obgL7+8SpoXFd+r+Hc2jSrMkYMTOIUy+HAJNbiFOjSAgIQneIFXJ3WenTfnfd665ixmjuEPnI8f4t2RtA==</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ie/hg7HYhmxaO1v7DYyeBL6yhH4=">AAAB83icbVDLSgNBEOyNr7g+EvXoZTArJJewKwG9GRDBYwTzgGQNs5NJMmR2d5iZFcKS3/DiQRGvfoF/4c1P8C+cPA6aWNBQVHXT3RUIzpR23S8rs7a+sbmV3bZ3dvf2c/mDw4aKE0loncQ8lq0AK8pZROuaaU5bQlIcBpw2g9HV1G8+UKlYHN3psaB+iAcR6zOCtZE6jiPu06BYKU0cp5svuGV3BrRKvAUpVHPflyX747rWzX92ejFJQhppwrFSbc8V2k+x1IxwOrE7iaICkxEe0LahEQ6p8tPZzRN0apQe6sfSVKTRTP09keJQqXEYmM4Q66Fa9qbif1470f0LP2WRSDSNyHxRP+FIx2gaAOoxSYnmY0MwkczcisgQS0y0ick2IXjLL6+SxlnZc8verUmjAnNk4RhOoAgenEMVbqAGdSAg4BGe4cVKrCfr1Xqbt2asxcwR/IH1/gNSNJLH</latexit><latexit sha1_base64="ucbLuIP1Xrpby9wYYMd+awy2wxE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CXaFeim7UtBjwYvHCvYD2rVk02wbms2GJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCyVn2njet1PY2Nza3inulvb2Dw6PyscnbZ2kitAWSXiiuiHWlDNBW4YZTrtSURyHnHbCye3c7zxRpVkiHsxU0iDGI8EiRrCxUt915WMWVuuXM9cdlCtezVsArRM/JxXI0RyUv/rDhKQxFYZwrHXP96QJMqwMI5zOSv1UU4nJBI9oz1KBY6qDbHHzDF1YZYiiRNkSBi3U3xMZjrWexqHtjLEZ61VvLv7n9VIT3QQZEzI1VJDloijlyCRoHgAaMkWJ4VNLMFHM3orIGCtMjI2pZEPwV19eJ+2rmu/V/Huv0qjncRThDM6hCj5cQwPuoAktICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AbyZkB0=</latexit>

o⇤(pa(:4), pb(:3)) =

8
>><

>>:

o⇤(pa(:3), pb(:3))+� pa(4),

if bG(o⇤(pa(:3), pb(:3))+� pa(4)) > bG(o⇤(pa(:4), pb(:2))+� pb(3)),

o⇤(pa(:4), pb(:2))+� pb(3), otherwise
<latexit sha1_base64="kyg8Mj6hWemLnl2G4BEBIONTYDQ="></latexit><latexit sha1_base64="kyg8Mj6hWemLnl2G4BEBIONTYDQ="></latexit><latexit sha1_base64="kyg8Mj6hWemLnl2G4BEBIONTYDQ="></latexit><latexit sha1_base64="kyg8Mj6hWemLnl2G4BEBIONTYDQ="></latexit>

o⇤(pa(:4), pb(:2))
<latexit sha1_base64="krRCbHMSRPixnUyh3Qf5FqEjEUo="></latexit><latexit sha1_base64="xgsxQmLk0PqnqfzMcCycOtwG1gs="></latexit><latexit sha1_base64="xgsxQmLk0PqnqfzMcCycOtwG1gs="></latexit><latexit sha1_base64="2DjZ75mc1Mk8L78ulOjWYVji+yM="></latexit>

o⇤(pa(:3), pb(:3))
<latexit sha1_base64="a5ctNnQTZrkO5zs3DGT8DPoivJo="></latexit><latexit sha1_base64="396NalkEu97bn3uNU/d/WMgodyI="></latexit><latexit sha1_base64="396NalkEu97bn3uNU/d/WMgodyI="></latexit><latexit sha1_base64="RyA5Ywq67T44T65cFlhND74LNL8="></latexit>

o⇤(pa(:4)
<latexit sha1_base64="77PsDojRDQL6dcGcBHQTsMv/SSs="></latexit><latexit sha1_base64="ZsdERXZr8iK9FgYIB3JdTpqn3NQ="></latexit><latexit sha1_base64="ZsdERXZr8iK9FgYIB3JdTpqn3NQ="></latexit><latexit sha1_base64="5XTJx/GnrxIBT2FrpdLj42o0EOI="></latexit>

, pb(:3))
<latexit sha1_base64="599PQTFiN/mQY77LHcqpWofYdYA="></latexit><latexit sha1_base64="S3Nx9i0xZnzlVcerFK/Rhuq5RCo="></latexit><latexit sha1_base64="S3Nx9i0xZnzlVcerFK/Rhuq5RCo="></latexit><latexit sha1_base64="AZd/Xxi37g+bL4FJ8kcF6OT5b7o="></latexit>

(pa(:5), pb(:4))
<latexit sha1_base64="wimIS+0h5Np9veBbVpg07eL50Z0="></latexit><latexit sha1_base64="TavPBPRZMgYLEz3Gwmrr3SWdjew="></latexit><latexit sha1_base64="TavPBPRZMgYLEz3Gwmrr3SWdjew="></latexit><latexit sha1_base64="dnh+0SYRl+R7/7DPRw5h5sVYviw="></latexit>

(pa(:4), pb(:2))
<latexit sha1_base64="pFMQk4SWuUlLTl9xV84o/gjQ9AY=">AAACIHicbVDLSsNAFJ3UV62vqEs3wUZIQUpSCpWuCm5cVrAPaGOZTCft0EkmzEyEEvIpbvwVNy4U0Z1+jZM2C209cOFwzr3ce48XUSKkbX9phY3Nre2d4m5pb//g8Eg/PukKFnOEO4hRxvseFJiSEHckkRT3I45h4FHc82bXmd97wFwQFt7JeYTdAE5C4hMEpZJGesM0rSGLMIeS8RAGOInS+wRazXolvVw3PKtZq6QV0xzpZbtqL2CsEycnZZCjPdI/h2OG4gCHElEoxMCxI+kmkEuCKE5Lw1jgCKIZnOCBotlG4SaLB1PjQiljw2dcVSiNhfp7IoGBEPPAU50BlFOx6mXif94glv6Vm5AwiiUO0XKRH1NDMiNLyxgTjpGkc0Ug4kTdaqAp5BBJlWlJheCsvrxOurWqY1ed21q5Vc/jKIIzcA4s4IAGaIEb0AYdgMAjeAav4E170l60d+1j2VrQ8plT8Afa9w9Sb6Jb</latexit><latexit sha1_base64="pFMQk4SWuUlLTl9xV84o/gjQ9AY=">AAACIHicbVDLSsNAFJ3UV62vqEs3wUZIQUpSCpWuCm5cVrAPaGOZTCft0EkmzEyEEvIpbvwVNy4U0Z1+jZM2C209cOFwzr3ce48XUSKkbX9phY3Nre2d4m5pb//g8Eg/PukKFnOEO4hRxvseFJiSEHckkRT3I45h4FHc82bXmd97wFwQFt7JeYTdAE5C4hMEpZJGesM0rSGLMIeS8RAGOInS+wRazXolvVw3PKtZq6QV0xzpZbtqL2CsEycnZZCjPdI/h2OG4gCHElEoxMCxI+kmkEuCKE5Lw1jgCKIZnOCBotlG4SaLB1PjQiljw2dcVSiNhfp7IoGBEPPAU50BlFOx6mXif94glv6Vm5AwiiUO0XKRH1NDMiNLyxgTjpGkc0Ug4kTdaqAp5BBJlWlJheCsvrxOurWqY1ed21q5Vc/jKIIzcA4s4IAGaIEb0AYdgMAjeAav4E170l60d+1j2VrQ8plT8Afa9w9Sb6Jb</latexit><latexit sha1_base64="pFMQk4SWuUlLTl9xV84o/gjQ9AY=">AAACIHicbVDLSsNAFJ3UV62vqEs3wUZIQUpSCpWuCm5cVrAPaGOZTCft0EkmzEyEEvIpbvwVNy4U0Z1+jZM2C209cOFwzr3ce48XUSKkbX9phY3Nre2d4m5pb//g8Eg/PukKFnOEO4hRxvseFJiSEHckkRT3I45h4FHc82bXmd97wFwQFt7JeYTdAE5C4hMEpZJGesM0rSGLMIeS8RAGOInS+wRazXolvVw3PKtZq6QV0xzpZbtqL2CsEycnZZCjPdI/h2OG4gCHElEoxMCxI+kmkEuCKE5Lw1jgCKIZnOCBotlG4SaLB1PjQiljw2dcVSiNhfp7IoGBEPPAU50BlFOx6mXif94glv6Vm5AwiiUO0XKRH1NDMiNLyxgTjpGkc0Ug4kTdaqAp5BBJlWlJheCsvrxOurWqY1ed21q5Vc/jKIIzcA4s4IAGaIEb0AYdgMAjeAav4E170l60d+1j2VrQ8plT8Afa9w9Sb6Jb</latexit><latexit sha1_base64="pFMQk4SWuUlLTl9xV84o/gjQ9AY=">AAACIHicbVDLSsNAFJ3UV62vqEs3wUZIQUpSCpWuCm5cVrAPaGOZTCft0EkmzEyEEvIpbvwVNy4U0Z1+jZM2C209cOFwzr3ce48XUSKkbX9phY3Nre2d4m5pb//g8Eg/PukKFnOEO4hRxvseFJiSEHckkRT3I45h4FHc82bXmd97wFwQFt7JeYTdAE5C4hMEpZJGesM0rSGLMIeS8RAGOInS+wRazXolvVw3PKtZq6QV0xzpZbtqL2CsEycnZZCjPdI/h2OG4gCHElEoxMCxI+kmkEuCKE5Lw1jgCKIZnOCBotlG4SaLB1PjQiljw2dcVSiNhfp7IoGBEPPAU50BlFOx6mXif94glv6Vm5AwiiUO0XKRH1NDMiNLyxgTjpGkc0Ug4kTdaqAp5BBJlWlJheCsvrxOurWqY1ed21q5Vc/jKIIzcA4s4IAGaIEb0AYdgMAjeAav4E170l60d+1j2VrQ8plT8Afa9w9Sb6Jb</latexit>

(pa(:3), pb(:3))
<latexit sha1_base64="nmv4n0IjnM2KtTkav7kk0oqZvBk=">AAACIHicbVDLSsNAFJ34rPUVdekm2AgtSEmqUHFVcOOygn1AG8tkOm2HTjLDzEQoIZ/ixl9x40IR3enXOEmz0NYDFw7n3Mu99/icEqkc58tYWV1b39gsbBW3d3b39s2Dw7ZkkUC4hRhloutDiSkJcUsRRXGXCwwDn+KOP71O/c4DFpKw8E7NOPYCOA7JiCCotDQw67Zd7jOOBVRMhDDAMU/uY1i+Oq8kZ8uGnxkV2x6YJafqZLCWiZuTEsjRHJif/SFDUYBDhSiUsuc6XHkxFIogipNiP5KYQzSFY9zTNN0ovTh7MLFOtTK0RkzoCpWVqb8nYhhIOQt83RlANZGLXir+5/UiNbr0YhLySOEQzReNImopZqVpWUMiMFJ0pglEguhbLTSBAiKlMy3qENzFl5dJu1Z1nap7Wys1LvI4CuAYnIAycEEdNMANaIIWQOARPINX8GY8GS/Gu/Exb10x8pkj8AfG9w9SVqJb</latexit><latexit sha1_base64="nmv4n0IjnM2KtTkav7kk0oqZvBk=">AAACIHicbVDLSsNAFJ34rPUVdekm2AgtSEmqUHFVcOOygn1AG8tkOm2HTjLDzEQoIZ/ixl9x40IR3enXOEmz0NYDFw7n3Mu99/icEqkc58tYWV1b39gsbBW3d3b39s2Dw7ZkkUC4hRhloutDiSkJcUsRRXGXCwwDn+KOP71O/c4DFpKw8E7NOPYCOA7JiCCotDQw67Zd7jOOBVRMhDDAMU/uY1i+Oq8kZ8uGnxkV2x6YJafqZLCWiZuTEsjRHJif/SFDUYBDhSiUsuc6XHkxFIogipNiP5KYQzSFY9zTNN0ovTh7MLFOtTK0RkzoCpWVqb8nYhhIOQt83RlANZGLXir+5/UiNbr0YhLySOEQzReNImopZqVpWUMiMFJ0pglEguhbLTSBAiKlMy3qENzFl5dJu1Z1nap7Wys1LvI4CuAYnIAycEEdNMANaIIWQOARPINX8GY8GS/Gu/Exb10x8pkj8AfG9w9SVqJb</latexit><latexit sha1_base64="nmv4n0IjnM2KtTkav7kk0oqZvBk=">AAACIHicbVDLSsNAFJ34rPUVdekm2AgtSEmqUHFVcOOygn1AG8tkOm2HTjLDzEQoIZ/ixl9x40IR3enXOEmz0NYDFw7n3Mu99/icEqkc58tYWV1b39gsbBW3d3b39s2Dw7ZkkUC4hRhloutDiSkJcUsRRXGXCwwDn+KOP71O/c4DFpKw8E7NOPYCOA7JiCCotDQw67Zd7jOOBVRMhDDAMU/uY1i+Oq8kZ8uGnxkV2x6YJafqZLCWiZuTEsjRHJif/SFDUYBDhSiUsuc6XHkxFIogipNiP5KYQzSFY9zTNN0ovTh7MLFOtTK0RkzoCpWVqb8nYhhIOQt83RlANZGLXir+5/UiNbr0YhLySOEQzReNImopZqVpWUMiMFJ0pglEguhbLTSBAiKlMy3qENzFl5dJu1Z1nap7Wys1LvI4CuAYnIAycEEdNMANaIIWQOARPINX8GY8GS/Gu/Exb10x8pkj8AfG9w9SVqJb</latexit><latexit sha1_base64="nmv4n0IjnM2KtTkav7kk0oqZvBk=">AAACIHicbVDLSsNAFJ34rPUVdekm2AgtSEmqUHFVcOOygn1AG8tkOm2HTjLDzEQoIZ/ixl9x40IR3enXOEmz0NYDFw7n3Mu99/icEqkc58tYWV1b39gsbBW3d3b39s2Dw7ZkkUC4hRhloutDiSkJcUsRRXGXCwwDn+KOP71O/c4DFpKw8E7NOPYCOA7JiCCotDQw67Zd7jOOBVRMhDDAMU/uY1i+Oq8kZ8uGnxkV2x6YJafqZLCWiZuTEsjRHJif/SFDUYBDhSiUsuc6XHkxFIogipNiP5KYQzSFY9zTNN0ovTh7MLFOtTK0RkzoCpWVqb8nYhhIOQt83RlANZGLXir+5/UiNbr0YhLySOEQzReNImopZqVpWUMiMFJ0pglEguhbLTSBAiKlMy3qENzFl5dJu1Z1nap7Wys1LvI4CuAYnIAycEEdNMANaIIWQOARPINX8GY8GS/Gu/Exb10x8pkj8AfG9w9SVqJb</latexit>

Cui, Sen, Weishen Pan, Changshui Zhang, and Fei Wang. "Towards model-agnostic post-hoc adjustment for balancing ranking fairness and algorithm utility." 
In Proceedings of the 27th ACM SIGKDD Conference on Knowledge Discovery & Data Mining, pp. 207-217. 2021.
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Better Trade-off between Ranking Disparity and Utility
n xOrder always achieves low disparities
n xOrder obtains better utility-fairness trade-offs than baselines
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Thank you!



64

Q & A
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